In this paper, we will describe the mathematical foundation of topological Landau-Ginzburg (LG) models coupled to gravity at genus 0 in terms of primitive forms. In particular, we can give a natural explanation for the large phase space.
Introduction
Mirror symmetry (for detail see [GY] [Y] ) is the one of the most important phenomena in algebraic geometry and string theory. A pair of manifolds (X, Y ) is said to be mirror pair if A-twisted sigma model coupled to gravity on X is isomorphic to B-twisted sigma model coupled to gravity on Y [W3] . The correlation functions of A-twisted sigma model coupled to gravity have been mathematically established as the theory of Gromov-Witten invariants [Beh] 
[BF][BM][KM1][LT1][LT2][LT3][RT1][RT2] and have been intensively investigated by several authors [EHX1][EHX2][EX][G1][G2][KM2].
On the other hand, B-twisted sigma models coupled to gravity has not been understood mathematically (at least for g > 0 sector) but topological Landau-Ginzburg models coupled to gravity have been studied based on singularity theory [LVW] [VW] [Mar] . Recently, Barannikov and Kontsevich have proposed a new construction of Frobenius manifolds for Calabi-Yau manifolds with arbitrary dimension [BK] , which is conjectured to be a mirror partner for that of Gromov-Witten theory.
The purpose of this paper is to describe the mathematical foundation of topological Landau-Ginzburg models coupled to gravity at genus 0 in terms of the theory of primitive forms which was introduced by K. Saito [S1] [S2] in his study for the period mapping for a universal unfolding of a function with an isolated critical singularity. Then, we discuss the mirror symmetry for Calabi-Yau manifolds and CP 1 . Especially, we can show that the mirror partner of CP 1 is the theory of primitive forms associated to a function f = z + qz −1 on C * . This reproduce the results in [EHX2] . In section 1, we review the theory of primitive forms [S1] [S2] . Some definitions and notations are modified so that they can be identified with those in physics literatures. We will first introduce the notion of a Landau-Ginzburg system F (z, t) over a frame (Z, X, S, T ), which corresponds to perturbation theory of the original Landau-Ginzburg models. Then we will introduce the chiral ring structure (the residual product •), the perturbed large phase space π * H (0) F , the Gauss-Manin connection ∇ on π * H (0) F , the Euler vector field E and the higher residue pairings K (k) . We will see that a primitive form ζ (0) associated to F can be defined if the above data are given.
In section 2, we first review the Frobenius structure defined in [D] [Man1]. We will show that the theorem.
Theorem. Let F (z, t) be an LG system over a frame (Z, X, S, T ) and let us assume that a primitive form ζ (0) is given. Then S is a Frobenius manifold with an identity δ 0 and an Euler vector field E = w(δ 0 ).
We will construct Cohomological Field Theories [KM1] [Man1] associated to primitive forms. We will see that the large phase space and the gravitational descendants are given by H F = π * H (0)
F and ∇ δ i ζ (−d−1) | t ′ =0 , respectively. Then we see that Theorem. Let F (z, t) be an LG system over a frame (Z, X, S, T ) . Then a primitive form ζ (0) uniquely defines the genus 0 free energy Φ grav F
up to quadratic terms, which is a generating function of correlation functions of the
LG models coupled gravity whose superpotential is given by f (z) = F (z, 0).
Note that if we want to have a Frobenius structure, we must fix a primitive form ζ (0) for the LG system F .
In section 3, we discuss the relations between the primitive forms and the mirror symmetry. We will first review the period mapping of the primitive forms. Then we will show that the canonical coordinates with integral exponents have a geometrical meaning, i.e., which are one to one correspondence with the primitive part of the cohomology of V . In particular, if V is a smooth Calabi-Yau manifold, we can consider that the Frobenius submanifold S ′ of S (integral exponents sector) is a Frobenius submanifold of that of Barannikov-Kontsevich construction from the viewpoint of the LG orbifold theory [IV] . We will also show that a relation between primitive forms and (normalized) holomorphic forms on Calabi-Yau manifolds. Finally, we will describe the mirror symmetry of CP 1 in terms of primitive forms;
Theorem. A primitive form for LG system
is given by
Then we have
where Φ st CP 1 is the (large phase space) stable genus 0 generating function for Gromov-Witten Invariants
.
This shows that the pair (C * , f ) is a mirror of CP 1 .
This approach may be valid for the other toric Fano manifolds or Grassmannian manifolds whose quantum cohomology rings are given by the Jacobian ring [Bat] [EHX2] .
We can apply the notion of primitive forms to the Seiberg-Witten theory. For example, the Seiberg-Witten form λ SW for A 1 is a meromorphic 1-form on
and given by λ SW = x dz z
. In this case, the Seiberg-Witten form exactly coincides with the primitive form (ζ (−1) ) for the above defining equation F (x, t 0 , Λ). For other gauge groups, we see that λ SW is given by the "joint" of the primitive forms for C * and ADE-type singularity and reproduces the results of [IY] . We will discuss this in detail in the next paper.
After the completion of this paper, we noticed a preprint by Manin [Man2] where the construction of Frobenius manifolds by primitive forms is presented. Let us first take the holomorphic function f (superpotential),
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which is a quasi-homogeneous function of z i and has an isolated singularity at base point 0. Then the Jacobian ring (or chiral ring) R 0 defined by
becomes a finite dimensional C-vector space and we denote dim C R 0 by µ. Let us consider a pair (S, δ 0 , 0) where S is a µ-dimensional complex manifold with a base point 0 ∈ S and δ 0 is a holomorphic vector field on S which is non-singular at 0.
There exist a (µ − 1)-dimensional manifold T with a base point 0 ∈ T and a holomorphic submersion π defined locally,
where O S and O T are structure sheaves of S and T . By choosing neighborhoods of base points of S and T , we may assume that T is the orbit space of δ 0 . Let us denote by Der S the sheaf of germs of holomorphic vector fields on S . Put
where [ , ] is the bracket product of vector fields. The module G is naturally O T -free module of rank µ closed under the Lie-bracket.
Remark. We have the following exact sequence of O T -Lie algebras:
In this situation, the following are equivalent.
1. To give a holomorphic function t 0 on (S, δ 0 , 0) such that t 0 (0) = 0 and δ 0 t 0 = 1.
2. To give a splitting of the above exact sequence as an O T -Lie algebra.
Let X be an (n + µ)-dimensional complex manifold with a base point 0 ∈ X, and let q : (X, 0) → (T, 0) be a smooth surjective map. Let (Z, 0) be the fiber product with the diagram,
There exists a unique liftingδ 0 on Z of the primitive vector field δ 0 on S such thatπ : (Z, 0) → (X, 0) is the projection to the orbit space ofδ 0 .
We shall call the above diagram a frame, which will often be denoted simply by (Z, X, S, T ).
Remark. The following are equivalent.
1. To give a holomorphic function F (z, t) on Z such thatδ 0 F = 1 and
2. To give a holomorphic mapping ϕ : (X, 0) → (S, 0), such that π •ϕ = q.
LG system) over a frame (Z, X, S, T ) if it satisfies the following three conditions:
3. The correspondence
is bijective.
The residual product •
Let F (z, t) be an LG system over a frame (Z, X, S, T ) and let ϕ : (X, 0) → (S, 0) be an associated holomorphic map.
Let C be the subvariety of the critical points of ϕ in X defined by the ideal (
)O X . Then we see that the restriction q| C : C → T is a µ-sheeted branched covering and q * O C is an O T -free module of rank µ.
Let us putĈ :=π −1 C ⊂ Z, which is defined by the ideal (
)O Z . Viewing X as a hypersurface in Z defined by F = 0, we have the following exact sequence:
where p * F means an operator of a multiplication of F .
and the O T -homomorphism
are bijections.
Corollary. We can give a ring structure and a t 0 -multiplication structure on G by,(
and
Definition 1.2. We call the above • the residual product.
Since p|Ĉ :Ĉ → S is µ-sheeted branched covering, p * OĈ is an O S -free module of rank µ, and hence the sequence is an
is called the discriminant. D := ϕ(C) is defined by the ideal sheaf J = (∆). Let us put
which is an O S -free module of rank µ, closed under bracket product. Considering the O T -homomorphism
we see that ker(r) = π * Der S (− log D) and we have a direct sum decomposition
and an O T -homomorphism w
Let us define the specific vector field E := w(δ 0 ) which we call the Euler vector field. The discriminant ∆ is homogeneous degree µ, with respect to E, i.e., E∆ = µ∆.
(21)
De Rham cohomology
be the sheaves of germs of holomorphic relative p-forms with respect to q or ϕ respectively. In particular let us define,
Note that if we fix the holomorphic n + 1-form dz 0 ∧ · · · ∧ dz n , we have
Let us define the O S -free modules,
where F 0 is a function on X defined by F = t 0 − F 0 . They are O S -free modules of rank µ because of the Milnor's fibration theorem: Theorem 1.2 (Milnor's fibration theorem). The restriction
is a locally trivial fibration, whose general fiber X s = ϕ −1 (s) for s ∈ S − D is homeomorphic to a bouquet of n-spheres.
Indeed, we see that
The exterior differentiation
The exterior product dF
defined by
is called the Gauss-Manin connection.
Proposition 1.3. The Gauss-Manin connection is integrable and
Then the map
is well-defined.
Thus we can consider the following decreasing sequence
of O S -free submodules of H
F . We get the O S -exact sequences,
and the Gauss-Manin connection ∇,
Remark. Since
This means that the Gauss-Manin connection is regular singular. 
with the following properties:
Such a K (k) with the above properties is unique up to constant factor.
Remark.
F ) is called a primitive form if it satisfies the following conditions:
where
Theorem 1.5. If S is small enough, then there exists a primitive form ζ (0) .
Canonical coordinate system
Since
Then we can define a connectioñ
by the relation
which depends only on r (0) (ζ (0) ). The integrability of the Gauss-Manin connection ∇ on H (0)
By putting δ ′′ = δ 0 in (41), we see that this connection is torsion freẽ
From the fifth property of K (k) , we see that this connection is metric with respect to J,
where we denote
The commutation relation [δ,
From the fourth property of K (k) , we get
i.e.
where N * is the adjoint of N with respect to the metric J. Since the connection∇ on G is torsion free and integrable, there exists a unique coordinate system (called a flat coordinate system) t 0 , . . . , t µ−1 of S up to linear transformations such that the horizontal vector space of∇ is given by
The equation (48) implies that N is a C-linear endomorphism of ker∇.
Definition 1.5. The eigenvalues {α 0 , α 1 , . . . , α µ−1 } of N is called the exponents.
We introduce the following Poincaré polynomial associated to the LG system F :
Since we can choose exponents such that α 0 (:= r) ≤ · · · ≤ α µ−1 and exponents have the following duality property:
it is obvious from (50) that the duality property of the Poincaré polynomial,
whereĉ F := q µ−1 = (n + 1) − 2r. 
Remark. In a canonical coordinate system, the Euler vector field E = w(δ 0 ) is given by
Remark. This canonical coordinates coincides with the one introduced by [BCOV] .
Cohomological Field Theory associated to
LG system
Frobenius structure
In this subsection, we will show that S is a Frobenius manifold. We first review the Frobenius structure [D] [Man1]. 
Definition 2.3. Let M be a supermanifold. Consider a triple (T f M , η, C) consisting of an affine flat structure, a compatible metric and an even symmetric tensor C :
where primes denotes a partial dualization. Then M endowed with this structure is called a pre-Frobenius manifold.
A local even function Φ ∈ O M is called a Frobenius potential if
Definition 2.4. A pre-Frobenius manifold is called Frobenius, if C everywhere locally admits a potential and the multiplication • is associative.
Remark. If a Frobenius potential exists, it is unique up to a quadratic polynomial in flat local coordinates.
Remark. In flat local coordinates t a , then
Definition 2.5. Let (M, η, Φ) be a Frobenius manifold. An even vector field e ∈ T M is called a identity if e • X = X for all vector fields X ∈ T M . Definition 2.6. An even vector field E ∈ T M is called an Euler vector field if it satisfies the following:
Theorem 2.1. Let F (z, t) be an LG system over a frame (Z, X, S, T ) and let us assume that a primitive form ζ (0) is given. Then S is a Frobenius manifold with an identity δ 0 and an Euler vector field E = w(δ 0 ).
Proof. It is clear that a canonical coordinate system t i , i = 1, . . . , µ give an affine flat structure. We will show the existence of a compatible metric η and a symmetric tensor C.
Let
is constant for all flat vector fields δ i , δ j because of the second property of the definition 1.4;
Let us define C by the residual product •
there exists a potential Φ F such that
The associativity is obvious from the definition of the residual product •. The rest is clear.
Cohomological Field Theory
Let k be a supercommutative Q-algebra, H a (Z 2 -graded) free k-module of finite rank, η : H × H → k an even symmetric non-degenerate pairing on H. We introduce formally the large phase space as linear infinite dimensional 
satisfying the following properties:
1. S n -covariance (with respect to the natural action of S n on both sides of (69)).
Splitting, or compatibility with restriction to the boundary divisors:
for any stable ordered partition σ : {1, . . . , n} = S 1 S 2 , n i = |S i |, and the respective map
we have 
3.
where the integral denotes the value of the top degree term of I M n on the fundamental class M 0,n .
Now we can define the correlators with gravitational descendants
where L i is the line bundle which has the geometric fiber T * x i C at the point (C; x 1 , . . . , x n ).
is called a genus 0 free energy.
Let us introduce µ-dimensional vector spaces,
where m 0 = (t ′ ) := (t 1 , . . . , t µ−1 ) is the maximal ideal of O T,0 .
Lemma 2.3. Let F (z, t) be an LG system over a frame (Z, X, S, T ) and let us assume that a primitive form
Proof. Since S is a Frobenius manifold, it is clear that M F is a formal Frobenius manifold over C.
Remark. The large phase space is given by
This is the multi-variable version of a similar formula given by Losev [L] . We can obtain the correlators with the gravitational descendants by using the the higher residues and the above expressions.
Thus we have built up the mathematical definition of the topological Landau-Ginzburg model coupled to gravity at genus 0:
Theorem 2.4. Let F (z, t) be an LG system over a frame (Z, X, S, T ). Then a primitive form ζ (0) uniquely defines the genus 0 free energy
If we restrict the above equation to the small phase space H (0)
, it becomes the ordinary Gauss-Manin differential equations for period integrals expressed in a flat coordinate system [S1] .
Primitive Forms and Mirror Symmetry

Period of Primitive Forms
In this subsection, we will review the period mapping of primitive forms [S1] .
Definition 3.1. For any κ ∈ C, we define the D S -module
Lemma 3.1. The module M (κ) for κ ∈ C is a simple holonomic system.
since we have
Let l be the corank of the N −κ−1 on the µ-dimensional horizontal vector space of ∇ on G and let η 1 , . . . , η l and ξ 1 , . . . , ξ l be the basis of ker(N − κ − 1) and coker(N − κ − 1), respectively. Then we have an D S -exact sequence
for r = κ + 1, and
for r = κ + 1 and ξ 1 = δ 0 , where
Remark. Since M (κ) has the generator 1, a solution u ∈ Sol(M (κ) ) is identified with u(1) ∈ O S .
Then we have the following lemma. 
is spanned by canonical coordinate of exponent κ + 1 (or degree r − κ) and by a constant function 1 S .
Since Sol(M (κ) ) always contains the constant function, we have
where dSol (M (κ) ) is the image of Sol(M (κ) ) in Ω
Landau-Ginzburg Orbifolds and Calabi-Yau Varieties
Let f be a quasi-homogeneous polynomial of z i with an isolated singularity at base point 0 such that
Let us consider the LG system F associated to f . Then we define the affine variety
which is the Milnor fiber of ϕ at (1, 0, . . . , 0) ∈ S. We can compactify X 1 to X 1 so that the boundary V := X 1 \X 1 is given by
We have two isomorphisms of C-vector spaces
where we denote by P H n−1 (V, C) the primitive part of the cohomology and | int means the restriction to the integral exponents sector (exponents of the monomial z a 0 0 . . . z an n is given by n i=0 (a i + 1)w i ). Remark. Note that the integral exponents sector corresponds to the untwisted sector of the LG orbifold theory f //G, where G is the discrete group acting on z i as z i → exp(2π
Lemma 3.5. Let F be an LG system over a frame (Z, X, S, T ) and let us assume that a primitive form
is a Frobenius manifold, where
Let us assume that r = n i=0 w i = 1 and the hypersurface V in weighted projective space P(w 0 , . . . , w n ) is a smooth Calabi-Yau manifold. Then the following conjecture is quite natural from the viewpoint of the LandauGinzburg orbifold theory and the isomorphism (104).
Conjecture 3.1. Let F be an LG system over a frame (Z, X, S, T ) and let us assume that a primitive form
should be a Frobenius submanifold of the one constructed by Barannikov-Kontsevich for a Calabi-Yau manifold V .
Then we can formulate the mirror conjecture as follows. Indeed, if dim V = 1, these conjectures are true since the potential is trivial.
Remark. Since the kernel of the map (2π √ −1) −n δ n 0 (99) are spanned by the canonical coordinates with integral exponents, there exist the horizontal family of homology γ
Recall that, when we calculate the 'special coordinates' in the context of mirror symmetry of Calabi-Yau manifolds, we first take the holomorphic form Ω and calculate the period integrals by Picard-Fuchs or GKZ equations. We choose the special solution Γ 0 Ω which is single-valued near the large radius limit or maximally unipotent monodromy point and the solutions Γ i Ω which have simple logarithmic singularity at the maximally unipotent monodromy point. Then we define the normalized holomorphic form by
and define the 'special coordinates' as
In [BCOV] , it is proved that the canonical coordinates at the maximal unipotent monodromy point coincides with the 'special coordinates'. So we can conclude that to choose the holomorphic form In this subsection, we construct the mirror partner of CP 1 in terms of the primitive form.
In [Bat] , Batyrev showed that the quantum cohomology ring of CP 1 is given by the Jacobian ring
This fact implies that it may be possible to construct a primitive form associated to the holomorphic function
Let (z, t 1 ), (t 0 , t 1 ) and (t 1 ) be the coordinate of
and T ′ := C, respectively. Then we define the function on
where q is a parameter of a punctured unit disk 0 < |q| < 1. Then we can define a frame
In the previous sections, we have assumed that f is a quasi-homogeneous polynomial of z i with an isolated singularity at base point 0 ∈ C n+1 . In such case, the maps π and q are Stein, which are trivial fibrations with contractible fibers and the map ϕ is Stein. This condition is sufficient for the existence of higher residue pairings K (k) . The map q ′ and ϕ ′ do not satisfy the above conditions, but it is possible to replace a frame (Z ′ , X ′ , S ′ , T ′ ) by (Z, X, S, T ) such that this new frame satisfies the conditions. Indeed, we can take a new frame (Z, X, S, T ) as follows.
where ǫ, δ i and r i , (i = 1, 2) are small real number with 1 >> r i >> δ i >> ǫ > 0 (i=1,2) and || · || is some Euclidean distances. The maps are given by restriction . We see easily that the correspondence
is bijection, so we may call F an LG system. 
Theorem 3.7. The primitive form for F (z, t) = t 0 + z + q exp(t 1 )z −1 is
and the minimal exponent is r = 0, the Euler vector field is .
The quantum cohomology ring of a toric Fano manifold P Σ associated to the n-dimensional fan Σ is given by the Jacobian ring [Bat] QH * ϕ (P Σ , C) ≃ C[z ± 1 , . . . , z , . . . , z n ∂f ∂z n ) ,
of the Laurent polynomial
where v 1 , . . . , v d is the set of all generators of 1-dimensional cones in Σ and ϕ is an element of the complexified Káhler cone of P Σ . It may be possible to construct a primitive form in these cases, but we are confronted by two difficulties which do not exist in CP 1 case. The first is to find a frame (Z, X, S, T ) and the second is to find a (good) LG system F (z, t). However, from the results [EHX2] , we can imagine that ]. Then the pair ((C * ) n , f ) is a mirror manifold of a toric Fano manifold P Σ .
It will be important to use the notion of primitive forms if one consider the more general mirror problems. For example, ADE-type theory does not correspond to the usual manifolds, but there may exist a 'mirror symmetry' [KY] [T] and a structure of quantum cohomology such as Virasoro conditions [EHX1] .
